Non-Perturbative One-Loop Effective Action for QED with Yukawa Couplings by Jacobson, Theodore N. & ter Veldhuis, Tonnis
ar
X
iv
:1
80
6.
04
04
0v
2 
 [h
ep
-th
]  
17
 Ju
l 2
01
8
Non-Perturbative One-Loop Effective Action
for QED with Yukawa Couplings
Theodore N. Jacobson∗
Department of Physics and Astronomy, Macalester College, Saint Paul, MN 55105, USA
School of Physics and Astronomy, University of Minnesota, Minneapolis, MN 55455, USA
Tonnis ter Veldhuis†
Department of Physics and Astronomy, Macalester College, Saint Paul, MN 55105, USA
(Dated: July 19, 2018)
Abstract
We derive the one-loop effective action for scalar, pseudoscalar, and electromagnetic fields coupled to a
Dirac fermion in an extension of QED with Yukawa couplings. Using the Schwinger proper-time formalism
and zeta-function regularization, we calculate the full non-perturbative effective action to one loop in the
constant background field approximation. Our result is non-perturbative in the external fields, and goes
beyond existing results in the literature which treat only the first non-trivial order involving the pseudoscalar.
The result has an even and odd part, which are related to the modulus and phase of the fermion functional
determinant. The even contribution to the effective action involves the modulus of the effective Yukawa
couplings and is invariant under global chiral transformations while the odd contribution is proportional
to the angle between the scalar and pseudoscalar couplings. In different limits the effective action reduces
either to the Euler-Heisenberg effective action or the Coleman-Weinberg potential. We also comment on the
relationship between the odd part of the effective action and the chiral anomaly in QED.
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I. INTRODUCTION
The effective action provides rich insight into the low energy regime of an underlying quantum
field theory. The earliest example of a full non-perturbative effective action is the Euler-Heisenberg
effective action, which describes the non-linear quantum corrections to the classical Maxwell theory,
in the one-loop approximation [1–3]. Schwinger’s calculation of the same effective Lagrangian makes
use of Fock’s proper-time formalism and re-frames the pair production rate as a signal of the insta-
bility of the QED vacuum [4, 5]. The pair production rate can be read off from the imaginary part
of the Euler-Heisenberg lagrangian, which vanishes to all orders in perturbation theory. Hence, the
non-perturbative nature of the calculation captures essential physical phenomena, supplementing
perturbative studies [6, 7].
The Euler-Heisenberg result, which is obtained assuming the background electromagnetic field
is constant (i.e. slowly varying), has been extended to other solvable backgrounds [8], to super-
symmetric QED, to second order in the loop expansion [6, 9–12], and to QED in gravitational
backgrounds [13–16]. For a review of the original Euler-Heisenberg effective action and its exten-
sions, as well as its historical development, see [6, 17].
The Fock-Schwinger proper-time approach and its generalizations, which appear in both per-
turbative and non-perturbative calculations of effective Lagrangians, are especially useful because
they are symmetry-preserving and can be applied to theories involving the totally antisymmetric
tensor ǫµ1···µn [18]. The proper-time formalism has been generalized to heat-kernel, zeta-function,
and operator regularization, which provide powerful techniques for computing and regularizing the
formal determinants and inverses of functional operators [19–23].
The standard procedure in operator regularization begins with the heat-kernel representation
for a positive operator O,
Tr O−z = ζO(z) =
1
Γ(z)
∫ ∞
0
ds sz−1Tr e−sO. (1)
At one-loop order, deriving the effective action involves calculating detO, where O is an operator
which appears in the underlying theory and involves the background fields. For cases when O is not
Hermitian, let alone positive, the fermion determinant must be split into its modulus and phase,
which generate “even” and “odd” contributions to the effective action, respectively [18]. In the
present work, we find a much simpler way of calculating the even and odd contributions to the
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effective action which circumvents the need for computing the phase of the functional determinant
directly.
In the perturbative regime, proper-time techniques have been used to compute the radiatively
induced effect of adding Lorentz- and CPT-violation to QED [24–27], as well as the effective ac-
tion for the Yukawa model in curved spacetime [28]. In the non-perturbative regime, heat-kernel
methods were used to obtain the world-line path integral for fermions with general scalar, pseu-
doscalar, and vector couplings [29, 30]. While world-line path integrals are in the same spirit, the
full closed-form effective action for QED with Yukawa couplings has not yet been derived. In the
present paper, we provide a simple derivation of the effective action for fermions in the one-loop
and constant background field approximations. Our result is non-perturbative in the background
scalar, pseudoscalar, and electromagnetic fields. The even portion of the effective action is similar
to the Euler-Heisenberg effective action, except the fermion mass is modified by the Yukawa cou-
plings. The odd portion of the effective action is proportional to the CP-odd Lorentz scalar FF˜
and the angle between the effective scalar and pseudoscalar Yukawa terms.
II. THE MODEL
We consider a simple model consisting of a Dirac fermion ψ coupled to a background scalar Φ,
pseudoscalar Π, and U(1) gauge field Aµ, with Lagrangian
L = LQED + LYUK. (2)
In the (−,+,+,+) signature, the QED and Yukawa Lagrangians are
LQED = −
1
4
FµνF
µν −
ξ
2
(∂µA
µ)2 − ψ¯(iγµDµ +m)ψ, (3a)
LYUK = −
1
2
∂µΦ∂
µΦ−
1
2
∂µΠ∂
µΠ− V [Φ,Π]− ψ¯(κΦ + iγ5λΠ)ψ, (3b)
where Fµν = ∂µAν − ∂νAµ is the U(1) field strength, the covariant derivative is Dµ = ∂µ + ieAµ,
and κ and λ are real coupling constants. The scalar potential V [Φ,Π] also contains possible mass
terms for the scalar fields, and ξ is the gauge-fixing parameter. Throughout the following we will
use the Dirac slash notation /D ≡ γµDµ. With our metric signature, the gamma matrices satisfy
{γµ, γν} = −2gµν ,
{
γµ, γ5
}
= 0, (4)
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and we adopt the following definition for γ5,
γ5 =
i
4!
ǫαβµνγ
αγβγµγν = −iγ0γ1γ2γ3, (5)
where ǫαβµν is totally antisymmetric with ǫ0123 = +1. The background fields are assumed to be
Hermitian, Φ† = Φ, Π† = Π, A†µ = Aµ, and we assume a representation for the gamma matrices
such that
(γµ)† = γ0γµγ0, (γ5)† = γ5. (6)
With these Hermiticity conditions, one can easily check that the Lagrangian density (2) is real.
In the constant field approximation, Φ is essentially treated as a VEV which simply modifies
the fermion mass m. Furthermore, at the classical level the pseudoscalar Yukawa coupling can be
removed by transforming ψ = e−iθγ
5
ψ′ and ψ¯ = ψ¯′e−iθγ
5
, for a suitably chosen constant θ. At the
quantum level this is no longer the case, and as we will see, the pseudoscalar coupling gives rise to
the odd part of the effective action. We will revisit the role of the parameter θ in more detail in
Subsection IIIB.
III. ONE-LOOP EFFECTIVE POTENTIAL
The effective action is formally defined to be
Γ = −i ln
∫
DψDψ¯ exp
{
i
∫
d4x L
}
, (7)
which, for the Lagrangian (2) and in the one-loop approximation, reads
Γ1-loop = −i ln det
(
−i /D −m− κΦ − iγ5λΠ
)
= −iTr ln
(
−i /D −m− κΦ− iγ5λΠ
)
, (8)
where Tr O = tr
∫
d4x〈x|O|x〉 is a trace over Dirac indices as well as spacetime.
Due to the presence of the pseudoscalar coupling, the operator O appearing in the theory is
not Hermitian, and the standard procedure for computing functional determinants does not apply.
Rather than computing the fermion determinant directly, we instead compute its contribution to
the pseudoscalar current,
JΠ =
1
i
1
λ
δΓ1-loop
δΠ
= itr〈x|γ5
(
−i /D −m− κΦ− iγ5λΠ
)−1
|x〉. (9)
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This approach circumvents the more delicate splitting of the fermion determinant into its modulus
and phase. Now we multiply the numerator and denominator by −i /D +m+ κΦ− iγ5λΠ,
JΠ =itr〈x|
(
−i /D +m+ κΦ− iγ5λΠ
)
γ5
×
[ (
−i /D −m− κΦ− iγ5λΠ
) (
−i /D +m+ κΦ− iγ5λΠ
) ]−1
|x〉
=itr〈x|γ5
(
i /D +m+ κΦ− iγ5λΠ
) [
(i /D)2 − (m+ κΦ)2 − (λΠ)2
]−1
|x〉, (10)
assuming Φ and Π are constant background fields. The denominator in (10) is positive, and hence
can be represented by a proper-time integral. Taking the limit z → 1 in (1),
JΠ = −i
∫ ∞
0
ds tr〈x|γ5
(
i /D +m+ κΦ− iγ5λΠ
)
e−s(−(i /D)
2+(m+κΦ)2+(λΠ)2)|x〉
= −i
∫ ∞
0
ds tr〈x|γ5
(
m+ κΦ− iγ5λΠ
)
e−s(−(i /D)
2+(m+κΦ)2+(λΠ)2)|x〉, (11)
where we have used the fact that γ5 times an odd number of γµ is traceless. The current splits into
two parts, which we call even and odd,
JevenΠ = −λΠ
∫ ∞
0
ds e−s((m+κΦ)
2+(λΠ)2)tr〈x|es(i /D)
2
|x〉, (12a)
JoddΠ = −i(m+ κΦ)
∫ ∞
0
ds e−s((m+κΦ)
2+(λΠ)2)tr〈x|γ5es(i /D)
2
|x〉. (12b)
The remaining step in the calculation involves evaluating the traces
tr〈x|es(i /D)
2
|x〉 and tr〈x|γ5es(i /D)
2
|x〉. (13)
A. Coincidence limit of the fermion propagator
There are various methods for calculating (13) available in the literature, for instance [5, 31–33].
For completeness, we review the calculation, loosely following the procedure found in chapter 4 of
[32], evaluating (13) directly rather than taking the coincident limit of the full propagator. Those
familiar with the calculation can proceed to Subsection IIIB.
We begin by splitting γµγν into symmetric and antisymmetric parts,
γµγν = −(gµν + iσµν), σµν =
i
2
[γµ, γν ] . (14)
Together with [Dµ,Dν ] = ieFµν , this yields the identity
− (i /D)2 = (iD)2 +
e
2
σµνFµν . (15)
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Since Fαβ is constant and hence commutes with Dµ, the exponential factorizes,
〈x|es(i /D)
2
|x〉 = 〈x|e−s(
e
2
σµνFµν)e−s(iD)
2
|x〉. (16)
Using the identity
σµνσαβ = gµαgνβ − gµβgνα − iǫµναβγ5 (17)
+i(gµασνβ − gνασµβ + gνβσµα − gµβσνα),
one can easily show that
σµνσαβFµνFαβ = 2(FF − iγ
5FF˜ ), (18)
where F˜αβ = 12ǫ
αβµνFµν . Defining X ≡ FF − iγ
5FF˜ , we have
e−s(
e
2
σµνFµν) = 1 +
s2
2!
e2X
2
+
s4
4!
e4X2
4
+
s6
6!
e6X3
8
+ · · ·
−s
e
2
σµνFµν −
s3
3!
e3
4
XσµνFµν + · · · (19)
We are not interested in the traceless terms in
e−s(
e
2
σµνFµν), γ5e−s(
e
2
σµνFµν), (20)
and because tr(σµν) = tr(γ5σµν) = 0, we can disregard the odd terms in the expansion (19). For
the even terms, it is useful to expand the powers of X into parts proportional to the identity and
parts proportional to γ5. To demonstrate, the first four powers of X are
X = FF − iγ5FF˜ , (21)
X2 = (FF )2 − (FF˜ )2 − 2iγ5(FF )(FF˜ ),
X3 =
(
(FF )3 − 3(FF )(FF˜ )2
)
+ iγ5
(
(FF˜ )3 − 3(FF˜ )(FF )2
)
,
X4 =
(
(FF )4 + (FF˜ )4 − 6(FF )2(FF˜ )2
)
+ iγ5
(
4(FF )(FF˜ )3 − 4(FF˜ )(FF )3
)
.
In order to re-sum this series we make an explicit choice for the form of Fµν . So long as the electric
and magnetic fields are not perpendicular, we can always Lorentz-transform to a frame where they
are parallel. Hence, without loss of generality, we let the electric and magnetic fields point in the
z-direction. For E = azˆ and B = bzˆ, where a and b are space-time constants, the Lorentz-invariant
combinations become
FF = −2(a2 − b2), F F˜ = −4ab. (22)
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Inverting these equations gives a and b in terms of the general Lorentz invariant quantities FF and
FF˜ ,
a =
1
2
√√
(FF )2 + (FF˜ )2 − FF , (23a)
b =
1
2
√√
(FF )2 + (FF˜ )2 + FF . (23b)
Once expressed in terms of a and b, the expansion (19) can be easily re-summed,
e−s(
e
2
σµνFµν)
∣∣∣
even
= cos(eas) cosh(ebs) + iγ5 sin(eas) sinh(ebs). (24)
The odd terms have a simple relation to the even terms but for our present purposes they are not
necessary and we shall omit them.
Continuing with our calculation of (16), we need to evaluate
〈x|e−s(iD)
2
|x〉. (25)
Analytically continuing s→ is, and introducing the operator pµ = i∂µ, we can identify the proper-
time Hamiltonian
H = (iD)2 = (pµ − eAµ(x))
2. (26)
The classical gauge field configuration Aµ is a function of the space-time coordinates x
µ, which
satisfy canonical commutation relations,
[xµ, pν ] = igµν . (27)
Up to a gauge transformation, the nonzero components of the electromagnetic potential are A1 =
−bx2, A3 = −ax0. The Hamiltonian is thus
H = −p20 + p
2
1 + p
2
2 + p
2
3 + e
2a2x20 + e
2b2x22 + 2ebp1x2 + 2eap3x0
≡ H03 +H12. (28)
We now use the Baker-Campbell-Hausdorff formula,
eABe−A = B + [A,B] +
1
2!
[A, [A,B]] + · · · (29)
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where A03 = −ip0p3/ea and B03 = −p
2
0+ e
2a2x20. Using [pµ, xνx
ν ] = −2ixµ, we have the following,
[A03, B03] = 2eap3x0, (30)
[A03, [A03, B03]] = p
2
3,
[A03, [A03, [A03, B03]]] = 0,
where all successive terms in the Hausdorff expansion are zero. Thus,
H03 = −e
−ip0p3/ea(p20 − e
2a2x20)e
ip0p3/ea. (31)
Similarly, we find
H12 = −e
ip1p2/eb(p22 + e
2b2x22)e
−ip1p2/eb. (32)
The original matrix element then factorizes as follows,
〈x|e−isH |x〉 = U03U12, (33)
where we have defined Uij ≡ 〈xixj|e
−isHij |xixj〉. We begin with U03, inserting a complete set of
momentum states,
U03 =
∫
dp0dp3dp
′
0dp
′
3
(2π)4
〈x0x3|p0p3〉〈p0p3|e
−isH03 |p′0p
′
3〉〈p
′
0p
′
3|x0x3〉
=
∫
dp0dp3dp
′
0dp
′
3
(2π)4
eix0(p0−p
′
0
)+ix3(p3−p′3)〈p0p3|e
−isH03 |p′0p
′
3〉. (34)
When we exponentiate a Hamiltonian of this form, we get
e−is(e
ABe−A) = eAe−isBe−A. (35)
Making use of this identity and inserting another complete set of states, we have
U03 =
∫
dp0dp3dp
′
0dp
′
3dq0dq3dq
′
0dq
′
3
(2π)8
eix0(p0−p
′
0
)+ix3(p3−p′3)
×〈p0p3|e
−ipˆ0pˆ3/ea|q0q3〉〈q0q3|e
is(pˆ2
0
−e2a2xˆ2
0
)|q′0q
′
3〉〈q
′
0q
′
3|e
ipˆ0pˆ3/ea|p′0p
′
3〉
=
∫
dp0dp3dp
′
0dp
′
3dq0dq3dq
′
0dq
′
3
(2π)8
eix0(p0−p
′
0
)+ix3(p3−p′3)
×e−iq0q3/ea〈p0p3|q0q3〉〈q0q3|e
is(pˆ2
0
−e2a2xˆ2
0
)|q′0q
′
3〉e
ip′
0
p′
3
/ea〈q′0q
′
3|p
′
0p
′
3〉
=
∫
dp0dp3dp
′
0dp
′
3dq0dq3dq
′
0dq
′
3
(2π)4
eix0(p0−p
′
0
)+ix3(p3−p′3)ei(p
′
0
p′
3
−q0q3)/ea
×δ(p0 − q0)δ(p3 − q3)δ(p
′
0 − q
′
0)δ(p
′
3 − q
′
3)〈q0q3|e
is(pˆ2
0
−e2a2xˆ2
0
)|q′0q
′
3〉. (36)
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Integrating over q and q′, we have
U03 =
∫
dp0dp3dp
′
0dp
′
3
(2π)4
eix0(p0−p
′
0
)+ix3(p3−p′3)ei(p
′
0
p′
3
−p0p3)/ea〈p0p3|e
iτ(pˆ2
0
−e2a2xˆ2
0
)|p′0p
′
3〉
=
∫
dp0dp3dp
′
0dp
′
3
(2π)3
eix0(p0−p
′
0
)+ix3(p3−p′3)ei(p
′
0
p′
3
−p0p3)/eaδ(p3 − p
′
3)〈p0|e
iτ(pˆ2
0
−e2a2xˆ2
0
)|p′0〉
=
∫
dp0dp3dp
′
0
(2π)3
eix0(p0−p
′
0
)eip3(p
′
0
−p0)/ea〈p0|e
is(pˆ2
0
−e2a2xˆ2
0
)|p′0〉. (37)
Integrating over p3, we get
U03 =
ea
4π2
∫
dp0dp
′
0e
ix0(p′0−p0)δ(p′0 − p0)〈p0|e
is(pˆ2
0
−e2a2xˆ2
0
)|p′0〉
=
ea
4π2
∫
dp0〈p0|e
is(pˆ2
0
−e2a2xˆ2
0
)|p0〉. (38)
We recognize this as a harmonic oscillator with Hamiltonian
H0 = p
2
0 + ω
2
0x
2
0, ω0 = iea, (39)
with energy spectrum
H0|n〉 = 2ω0
(
n+
1
2
)
|n〉. (40)
The matrix element we want to calculate is thus
U03 =
ea
4π2
∫ ∞∑
n=0
dp0〈p0|n〉〈n|e
isH0 |n〉〈n|p0〉
=
ea
2π
∞∑
n=0
∫
dp0
(2π)
|〈p0|n〉|
2 exp
{
2iτω0
(
n+
1
2
)}
=
ea
2π
eisω0
∞∑
n=0
e(2isω0)n. (41)
The sum is clearly the Taylor expansion of
1
1− e2isω0
=
1
1− e−2eas
, (42)
so in the end we have
U03 =
ea
2π
e−eas
1− e−2eas
=
ea
4π sinh(eas)
. (43)
The case for U12 is similar, and we will not repeat the derivation here. We note, however, that we
are free to choose the positive or negative square root when defining the “Landau” frequencies ω0
and ω2. By setting ω2 = −eb, the result matches the free-field propagator in the limits a, b → 0.
With this choice, the matrix element is
U12 =
eb
2π
e−iebs
1− e−2iebs
=
eb
4πi sin(ebs)
. (44)
9
Finally, we return s→ −is to obtain our result,
〈x|e−s(iD)
2
|x〉 = −
e2ab
16π2i sin(eas) sinh(ebs)
. (45)
Combining (24) and (45), we find
tr〈x|es(i /D)
2
|x〉 = −
e2ab
4π2i
cot(eas) coth(ebs), (46a)
tr〈x|γ5es(i /D)
2
|x〉 = −
e2ab
4π2
. (46b)
B. Effective lagrangian
Putting the pieces together, the pseudoscalar current becomes
JevenΠ =
1
i
e2ab
4π2
λΠ
∫ ∞
0
ds e−s((m+κΦ)
2+(λΠ)2) cot(eas) coth(ebs), (47a)
JoddΠ = −
1
i
e2ab
4π2
(m+ κΦ)
∫ ∞
0
ds e−s((m+κΦ)
2+(λΠ)2) = −
1
i
e2ab
4π2
(m+ κΦ)
(m+ κΦ)2 + (λΠ)2
. (47b)
Integrating with respect to Π and multiplying by iλ, we find the even and odd parts of the effective
Lagrangian: Leff = L
even
eff + L
odd
eff , where
L
even
eff =
e2
32π2
FF˜
∫ ∞
0
ds
s
e−s((m+κΦ)
2+(λΠ)2) cot(eas) coth(ebs), (48a)
L
odd
eff =
e2
16π2
FF˜ arctan
(
λΠ
m+ κΦ
)
. (48b)
This is our main result.
It is important to note that we have captured the full non-perturbative effects of the pseudoscalar
coupling. Though the first-order term from L oddeff can be found in [5], our result is valid to all orders
in Π. The closed-form Lagrangian (48b) also exhibits some interesting features. Most strikingly,
only FF˜ appears, with no higher order corrections past O(e2). Hence, any couplings involving
higher odd powers of FF˜ (if they appear in the effective theory at all) must necessarily involve
derivatives of Fµν or Π. In addition, it is interesting to note that for very large arguments the
arctangent is approximately constant and tends to π/2. Hence, when (for vanishing Φ) the ratio
Π/m≫ 1, the term is nearly a total derivative.
We now return to the question of chiral invariance. While the even portion of the effective
action clearly retains a global chiral symmetry, the odd portion is in fact related to the parameter θ
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introduced in Section II. To be more explicit, the pseudoscalar term in the QED-Yukawa Lagrangian
can be removed with a chiral rotation where the transformation parameter θ satisfies
θ =
1
2
arctan
(
λΠ
m+ κΦ
)
, (49)
which allows us to rewrite the odd portion of the effective action as
L
odd
eff =
e2
8π2
θF F˜ . (50)
However, the parameter θ is spacetime-independent only if Φ and Π are also spacetime-independent.
As the effective action (48) represents the leading contribution in a derivative (momentum) expan-
sion, we are treating Φ and Π not as constants but as slowly-varying fields. From this point of
view, we should treat θ = θ(x) as a local parameter which fails to leave the kinetic term of (3a)
invariant. Nonetheless, the identification of θ in the odd portion of the effective action sheds light
on chiral invariance in the effective theory. The even part of the effective action depends on the
“modulus” (m+ κΦ)2 + (λΠ)2, whereas the odd part depends on the angle itself between m+ κΦ
and λΠ.
A note about passing from the pseudoscalar current (47) to the effective Lagrangian (48). In the
process of integration we have the freedom to add to the Lagrangian an arbitrary functional that
does not depend on Π. However, we can just as easily vary (8) with respect to Φ or m and obtain
(48a) and (48b) up to a total derivative. Hence, we are free to add some function of Aµ only, which
by dimensional grounds must either be a correction to the cosmological constant, the free photon
term FµνF
µν , or Fµν F˜
µν . The first two can be subtracted off with the appropriate counter-terms,
and the third is a total derivative. Hence, the expressions (48a) and (48b) hold without loss of
generality.
To conclude, we have derived the even and odd parts of the full non-perturbative effective
potential for QED with general Yukawa couplings, valid to all orders in the background scalar,
pseudoscalar, and electromagnetic fields. More precisely, it is the zeroth-order result in the deriva-
tive expansion of the full effective Lagrangian. The even portion is simply the Euler-Heisenberg
effective action but with the formal replacement m2 → (m+ κΦ)2+ (λΠ)2, which is expected from
the Dirac structure of the Yukawa couplings. The even part only depends on Π2, and hence gener-
ates graphs with even numbers of pseudoscalar vertices. The odd portion is (somewhat surprisingly)
proportional to FF˜ with no higher-order corrections appearing.
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In the limit Φ,Π → 0, the odd portion vanishes and we exactly recover the Euler-Heisenberg
Lagrangian. Similarly, if we let Aµ → 0, the odd portion vanishes, but the even portion becomes
Leff|Aµ=0 = −
1
8π2
∫ ∞
0
ds
s3
e−s((m+κΦ)
2+(λΠ)2). (51)
The bad behavior of the integral as s → 0 reflects an ultraviolet divergence. As we will see, the
divergence can be handled with appropriate counter-terms.
IV. WEAK FIELD LIMIT AND RENORMALIZATION
In this section we consider the perturbative expansion of (48) in powers of e. We begin with
the even part, given by (48a). Grouping by powers of s, and using (23), the weak-field expansion
becomes
L
even
eff = −
1
8π2
∫ ∞
0
ds
s3
e−s(m˜
2) −
e2
48π2
FµνF
µν
∫ ∞
0
ds
s
e−s(m˜
2) (52a)
+
e4
1440π2
(
(FµνF
µν)2 +
7
4
(Fµν F˜
µν)2
)∫ ∞
0
dss e−s(m˜
2) +O(e6), (52b)
which is manifestly gauge-invariant. For ease of notation we have introduced
m˜ ≡
√
(m+ κΦ)2 + (λΠ)2. (53)
The first two integrals (52a) are badly behaved as s → 0, and require regularization. This can be
achieved by cutting off the lower bound of the integral at a small positive number ǫ > 0 (making
use of the incomplete Gamma function), or by analytic continuation of the complete Gamma
function. We take the latter approach. Despite its resemblance to dimensional regularization, this
regularization procedure does not analytically continue the number of spacetime dimensions, but
rather the power of s in the denominator of the integrand, which is not physical. Making use of
the integral representation of the Gamma function,
∫ ∞
0
ds
s1−z
e−sα =
Γ(z)
αz
, (54)
we can compute the integrals above. The result is
L
even
eff = −
m˜4
16π2
(
1
ǫ
− γ +
3
2
− ln m˜2
)
−
e2
48π2
(
1
ǫ
− γ − ln m˜2
)
FµνF
µν
+
e4
1440π2m˜4
(
(FµνF
µν)2 +
7
4
(Fµν F˜
µν)2
)
+O(e6), (55)
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where γ is the Euler-Mascheroni constant and the limit ǫ→ 0 is assumed. Now we proceed in the
MS scheme, adding two counter terms
L
(0)
c.t. =
m˜4
16π2
(
1
ǫ
− γ
)
M−2ǫ, (56a)
L
(2)
c.t. =
e2
48π2
(
1
ǫ
− γ
)
M−2ǫFµνF
µν , (56b)
where we have introduced the renormalization scale M to ensure the counter terms have the correct
dimension. The first counter term corresponds to the renormalization of the cosmological constant
and the scalar potential V [Φ,Π]; specifically, the Φ,Φ2,Φ3,Φ4,Π2,Π4,Π2Φ, and Π2Φ2 couplings.
The second counter term corresponds to the renormalization of the free photon term and is related
to the vacuum polarization. The ǫ→ 0 limit of the sum Leff + L
(0)
c.t. + L
(2)
c.t. is finite,
Leff + Lc.t. =
m˜4
16π2
(
ln
m˜2
M2
−
3
2
)
+
e2
48π2
ln
m˜2
M2
FµνF
µν
+
e4
1440π2m˜4
(
(FµνF
µν)2 +
7
4
(Fµν F˜
µν)2
)
+O(e6). (57)
We introduce M¯2 =M2e3/2 (here e is Euler’s constant not the electric charge) and the fine structure
constant α0 = e
2/4π. Including the free photon term from the bare Lagrangian, the even portion
of the full renormalized effective Lagrangian L even1-loop = Lbare + L
even
eff + Lc.t. to first order in the
nonlinear effects is
L
even
1-loop =
m˜4
16π2
ln
m˜2
M¯2
−
1
4
FµνF
µν
(
1−
α0
3π
ln
m˜2
M2
)
+
α20
90m˜4
(
(FµνF
µν)2 +
7
4
(Fµν F˜
µν)2
)
. (58)
One can, at this stage, consider the limit in which the electromagnetic fields vanish. We then find
Leff|Aµ=0 =
(
(m+ κΦ)2 + (λΠ)2
)2
16π2
ln
(m+ κΦ)2 + (λΠ)2
M¯2
, (59)
which is reminiscent of the Coleman-Weinberg potential for scalar electrodynamics [34].
The odd part of the effective potential is finite. Of course, in order for the underlying theory
to be one-loop renormalizable, this must be the case. Expanding to first order in the pseudoscalar
coupling, and letting Φ = 0 for simplicity, (48b) becomes
L
odd
eff =
α0
4π
FF˜ arctan
(
λΠ
m+ κΦ
)
≈
α0
4π
λ
m
ΠFF˜ . (60)
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This shift-symmetric axion-type interaction between the pseudoscalar Π and FF˜ has been well-
studied in the context of cosmological inflation. For instance, such a coupling arises in models of
natural inflation [35–40]. While these effective interactions are usually assumed to arise from some
fundamental theory (often a string theory), here we have shown how such a coupling can arise from
a simple renormalizable extension of QED.
V. CHIRAL ANOMALY
Finally, as an application of our result, we show how the chiral anomaly in QED can be readily
connected to the pseudoscalar coupling in LYUK and the odd part of the effective action (48b).
While there is no axial symmetry present in the full model with Yukawa couplings (2), the classical
QED action exhibits an axial symmetry in the limit that the electron mass vanishes. Classically,
the associated axial current Jµ5 = ψ¯γµγ5ψ satisfies the following relation,
∂µJ
µ5 = 2imψ¯γ5ψ, (61)
which can be obtained by using the equations of motion for the Dirac field,
i/∂ψ = mψ − e /Aψ, (62a)
−i/∂ψ¯ = mψ¯ − e /Aψ¯. (62b)
Hence, in the limit that m→ 0, the axial current is classically conserved. It is well-known, however,
that the divergence of the axial current is anomalous,
∂µJ
µ5 = 2imψ¯γ5ψ +
α0
2π
Fµν F˜
µν . (63)
The second term, which arises when the quantum effects are fully taken into account, is the Adler-
Bell-Jackiw anomaly [7, 41–44]. Somewhat surprisingly, in the case of a constant field strength
the contribution from the explicit symmetry breaking term proportional to m cancels with the
anomaly:
〈Aµ|∂µJ
µ5|Aµ〉 = 2im〈Aµ|ψ¯γ
5ψ|Aµ〉+
α0
2π
Fµν F˜
µν = 0, (64)
implying that
〈Aµ|ψ¯γ
5ψ|Aµ〉 = i
α0
4πm
Fµν F˜
µν . (65)
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This fact can be shown via Schwinger’s equivalence theorem [5, 7], and reveals that the axial
current (which is classically non-conserved due to the mass of the fermion) is actually conserved in
the quantum theory.
In the effective theory defined by (48), the expectation value of the chiral density in the classical
electromagnetic background is given by the pseudoscalar current, which can be be read off directly
from (47b). We find
〈Aµ|ψ¯γ
5ψ|Aµ〉 = −
1
i
1
λ
δΓ1-loop
δΠ
∣∣∣∣
Φ,Π=0
= − JΠ|Φ,Π=0 = i
α0
4πm
Fµν F˜
µν , (66)
and hence, in the constant electromagnetic background, ∂µJ
µ5 = 0 when both the explicit symmetry
breaking term and the anomaly are taken into account.
VI. CONCLUSION
We have presented a derivation of the effective action for QED with Yukawa couplings in the
one-loop and constant background field approximations. Rather than computing the fermion de-
terminant directly, we have derived the contribution of the effective action to the pseudoscalar
current, which is then used to reconstruct the full one-loop effective Lagrangian. In doing so, we
avoided subtleties regarding the Hermiticity of the generalized Dirac operator in the underlying
theory, which involves γ5.
Using the Fock-Schwinger proper-time formalism and zeta-function regularization, we obtained
an effective action with an even and odd part. The even portion reduces to the well-known Euler-
Heisenberg effective action in the limit that the scalar and pseudoscalar fields vanish, while the odd
portion vanishes identically when either the pseudoscalar or vector gauge fields are taken to zero.
Our result is non-perturbative in the background fields, and unlike the world-line path integral
representation given in [29], it clearly generalizes the closed-form Euler-Heisenberg effective action.
While our result is derived assuming the scalar and pseudoscalar fields are distinct so that the
original Lagrangian is parity invariant, it is also valid when Φ and Π are identified as the same
field. In this case, the original Lagrangian explicitly breaks parity, and parity-breaking radiative
corrections are induced.
The odd part of the effective action is proportional to FF˜ , with no higher-order odd powers
appearing. This suggests that couplings involving higher powers of FF˜ and Π appear only when
15
derivative corrections are included. While the even portion is invariant under global chiral transfor-
mations, the odd portion is related to the phase angle between the scalar and pseudoscalar fields.
For large values of the pseudoscalar field, or in the limit that the fermion mass vanishes, the odd
portion of the effective action approaches a total derivative. The first non-trivial term in the weak-
field expansion is an axion-like interaction, which is of phenomenological interest in the context of
cosmology. We also find that the chiral anomaly in QED cancels against the explicit symmetry
breaking term proportional to the fermion mass, which can be easily obtained from the odd part of
the pseudoscalar current. The interplay between the anomaly and the explicit symmetry breaking
term at finite temperature, which controls the thermal π0 → γγ decay, can be connected to the
finite temperature effective action of the QED-Yukawa theory, which will be treated in a future
work.
ACKNOWLEDGMENTS
The authors wish to thank T.E. Clark for useful discussions. The work of T.N.J. was supported
by the Beltmann Physical Sciences Summer Research Fund at Macalester College.
[1] W. Heisenberg and H. Euler, “Folgerungen aus der Diracschen Theorie des Positrons,”
Z. Phys. 98 (1936) 714–732, arXiv:physics/0605038 [physics].
[2] V. Weisskopf, “The electrodynamics of the vacuum based on the quantum theory of the electron,”
Kong. Dan. Vid. Sel. Mat. Fys. Med. 14N6 (1936) 1–39.
[3] W. Dittrich, “The heisenberg-euler lagrangian as an example of an effective field theory,”
International Journal of Modern Physics A 29 no. 26, (2014) 1430052.
[4] V. Fock, “Proper time in classical and quantum mechanics,” Phys. Zeit. d. Sowjetunion 12 (1937)
404–425.
[5] J. Schwinger, “On gauge invariance and vacuum polarization,” Phys. Rev. 82 (Jun, 1951) 664–679.
[6] G. V. Dunne, HEISENBERG-EULER Effective Lagrangians: Basics and Extensions, pp. 445–522.
World Scientific Publishing Co, 2005.
[7] W. Dittrich and H. Gies, “Probing the quantum vacuum. Perturbative effective action approach in
quantum electrodynamics and its application,” Springer Tracts Mod. Phys. 166 (2000) 1–241.
[8] R. Ragazzon, “Extending the euler-heisenberg lagrangian to some nonperturbative and
16
inhomogeneous field configurations,” Phys. Rev. D 52 (Aug, 1995) 2422–2428.
[9] T. E. Clark and N. Deo, “The Effective Lagrangian for Supersymmetric QED in Three-dimensions,”
Nucl. Phys. B291 (1987) 535–556.
[10] S. M. Kuzenko and I. N. McArthur, “Low-energy dynamics in N=2 super QED: Two loop
approximation,” JHEP 10 (2003) 029, arXiv:hep-th/0308136 [hep-th].
[11] S. M. Kuzenko and S. J. Tyler, “Supersymmetric Euler-Heisenberg effective action: Two-loop results,”
JHEP 05 (2007) 081, arXiv:hep-th/0703269 [hep-th].
[12] G. V. Dunne and C. Schubert, “Closed form two loop Euler-Heisenberg Lagrangian in a selfdual
background,” Phys. Lett. B526 (2002) 55–60, arXiv:hep-th/0111134 [hep-th].
[13] G. Fucci, “Non-Perturbative One-Loop Effective Action for Electrodynamics in Curved Spacetime,”
J. Math. Phys. 50 (2009) 102301, arXiv:0906.2430 [hep-th].
[14] I. T. Drummond and S. J. Hathrell, “Qed vacuum polarization in a background gravitational field and
its effect on the velocity of photons,” Phys. Rev. D 22 (Jul, 1980) 343–355.
[15] F. Bastianelli, J. M. Davila, and C. Schubert, “Gravitational corrections to the Euler-Heisenberg
Lagrangian,” JHEP 03 (2009) 086, arXiv:0812.4849 [hep-th].
[16] G. Cognola, “Renormalization of the one-loop effective action on an arbitrary curved space-time: A
general method,” Phys. Rev. D 50 (Jul, 1994) 909–916.
[17] G. V. Dunne, “The Heisenberg-Euler Effective Action: 75 years on,”
Int. J. Mod. Phys. A27 (2012) 1260004, arXiv:1202.1557 [hep-th]. [Int. J. Mod. Phys. Conf.
Ser.14,42(2012)].
[18] D. McKeon and T. Sherry, “Operator regularization and the phase of one-loop determinants,”
Annals of Physics 218 no. 2, (1992) 325 – 345.
[19] B. DeWitt, Dynamical Theory of Groups and Fields. Documents on modern physics. Gordon and
Breach, 1965.
[20] G. V. Dunne, “Functional determinants in quantum field theory,” May, 2009.
[21] M. Reuter, “Chiral Anomalies and Zeta Function Regularization,” Phys. Rev. D31 (1985) 1374.
[22] D. G. C. Mckeon and T. N. Sherry, “Operator Regularization of Green’s Functions,”
Phys. Rev. Lett. 59 (1987) 532–534.
[23] I. McArthur and T. Gargett, “A “Gaussian” approach to computing supersymmetric effective
actions,” Nuclear Physics B 497 no. 1, (1997) 525 – 540.
[24] Yu. A. Sitenko, “One loop effective action for the extended spinor electrodynamics with violation of
Lorentz and CPT symmetry,” Phys. Lett. B515 (2001) 414–420, arXiv:hep-th/0103215 [hep-th].
[25] Y. A. Sitenko and K. Yu. Rulik, “On the effective Lagrangian in spinor electrodynamics with added
violation of Lorentz and CPT symmetries,” Eur. Phys. J. C28 (2003) 405–414,
17
arXiv:hep-th/0212007 [hep-th].
[26] L. H. C. Borges, A. G. Dias, A. F. Ferrari, J. R. Nascimento, and A. Y. Petrov, “Generation of
axionlike couplings via quantum corrections in a lorentz-violating background,”
Phys. Rev. D 89 (Feb, 2014) 045005.
[27] L. H. C. Borges, A. G. Dias, A. F. Ferrari, J. R. Nascimento, and A. Yu. Petrov, “Generation of
higher derivatives operators and electromagnetic wave propagation in a Lorentz-violation scenario,”
Phys. Lett. B756 (2016) 332–336, arXiv:1601.03298 [hep-th].
[28] D. J. Toms, “Effective action for the Yukawa model in curved spacetime,” JHEP 05 (2018) 139,
arXiv:1804.08350 [hep-th].
[29] E. D’Hoker and D. G. Gagne, “Worldline path integrals for fermions with scalar, pseudoscalar and
vector couplings,” Nucl. Phys. B467 (1996) 272–296, arXiv:hep-th/9508131 [hep-th].
[30] E. D’Hoker and D. G. Gagne, “Worldline path integrals for fermions with general couplings,”
Nucl. Phys. B467 (1996) 297–312, arXiv:hep-th/9512080 [hep-th].
[31] M. D. Schwartz, Quantum Field Theory and the Standard Model. Cambridge University Press, 2014.
[32] C. Itzykson and J. Zuber, Quantum Field Theory. Dover Books on Physics. Dover Publications, 2012.
[33] V. G. Bagrov and D. Gitman, The Dirac equation and its solutions. Studies in mathematical physics.
De Gruyter, Berlin, 2014.
[34] S. Coleman and E. Weinberg, “Radiative corrections as the origin of spontaneous symmetry
breaking,” Phys. Rev. D 7 (Mar, 1973) 1888–1910.
[35] K. Freese, J. A. Frieman, and A. V. Olinto, “Natural inflation with pseudo nambu-goldstone bosons,”
Phys. Rev. Lett. 65 (Dec, 1990) 3233–3236.
[36] N. Barnaby, R. Namba, and M. Peloso, “Phenomenology of a Pseudo-Scalar Inflaton: Naturally Large
Nongaussianity,” JCAP 1104 (2011) 009, arXiv:1102.4333 [astro-ph.CO].
[37] M. M. Anber and L. Sorbo, “Naturally inflating on steep potentials through electromagnetic
dissipation,” Phys. Rev. D81 (2010) 043534, arXiv:0908.4089 [hep-th].
[38] A. Papageorgiou and M. Peloso, “Gravitational leptogenesis in Natural Inflation,”
JCAP 1712 no. 12, (2017) 007, arXiv:1708.08007 [astro-ph.CO].
[39] N. Bartolo and G. Orlando, “Parity breaking signatures from a Chern-Simons coupling during
inflation: the case of non-Gaussian gravitational waves,” JCAP 1707 (2017) 034,
arXiv:1706.04627 [astro-ph.CO].
[40] L. Sorbo, “Parity violation in the Cosmic Microwave Background from a pseudoscalar inflaton,”
JCAP 1106 (2011) 003, arXiv:1101.1525 [astro-ph.CO].
[41] S. L. Adler, “Axial-Vector Vertex in Spinor Electrodynamics,”
Physical Review 177 (Jan., 1969) 2426–2438.
18
[42] J. S. Bell and R. Jackiw, “A PCAC puzzle: π0 → γγ in the σ-model,”
Nuovo Cimento A Serie 60 (Mar., 1969) 47–61.
[43] K. Fujikawa, “Path integral for gauge theories with fermions,”
Phys. Rev. D 21 (May, 1980) 2848–2858.
[44] W. Dittrich, “Second order radiative corrections to the axial vector anomaly,”
AIP Conf. Proc. 564 no. 1, (2001) 168–177, arXiv:hep-th/0010230 [hep-th].
19
